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Abstract
We investigate the dynamics of a Bianchi I brane Universe in the pres-
ence of a nonlocal anisotropic stress Pµν proportional to a ”dark energy”
U . Using this ansatz for the case U > 0 we prove that if a matter on a
brane satisfies the equation of state p = (γ − 1)ρ with γ ≤ 4/3 then all
such models isotropize. For γ > 4/3 anisotropic future asymptotic states
are found. We also describe the past asymptotic regimes for this model.
1 Introduction
The idea that our space has more than three dimensions was attractive dur-
ing many years, mostly in the scenario of compactification. Recently a new
paradigm appeared. In this new approach the matter is trapped in three-
dimensional brane embedded in a multi-dimensional space (bulk) [1]. In the
case of one extra dimension it is shown that isotropic cosmological evolution
being unusual in early stages of the brane Universe [2] tends to the standard
cosmological scenario in the late time [3].
The field equations on the brane are [4, 5]
Gµν = κ
2Tµν + κ˜
4Sµν − Eµν . (1)
Here κ˜ is the fundamental 5-dimensional gravitational constant, κ is the effec-
tive 4-dimensional gravitation constant on the brane. Bulk corrections to the
Einstein equations on the brane are of two forms: there are quadratic energy-
momentum corrections via the tensor Sµν and nonlocal effects from the free
gravitational field in the bulk Eµν . The quadratic corrections are significant
only in the early stages of cosmological evolution (see the next section). The
nonlocal corrections can be decomposed into a scalar (nonlocal energy den-
sity), a vector (nonlocal energy flux) and a tensor (nonlocal anisotropic stress)
parts [5]. On an isotropic brane there is only a scalar part U which decays
during the expansion of the Universe as U ∼ a−4 where a is the scale factor.
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However, if we remove the suggestion of isotropy (for example, in order to
study the problem of isotropization of the brane Universe), then the tensor part
of nonlocal contribution Pµν should be taken into account. The main obstacle to
do this is the absence of an evolution equation for the anisotropic stress Pµν [5,
6]. Its correct form should be derived from a full 5-dimensional anisotropic
metric which is still unknown. In this situation we have to choose some ansatz
for Pµν . In first papers on Bianchi I brane either all nonlocal corrections [6, 7]
or its tensor part [8, 9, 10] have been neglected. This approach gives some
interesting results such as isotropic character of the initial singularity [6, 7] and
the possible existence of an intermediate anisotropic stage [9]. However, whether
these results remain valid when the contribution from Pµν becomes important
is still an open problem.
Recently Barrow and Maartens have proposed an ansatz for the nonlocal
stress which generalizes known anisotropic sources in General Relativity [11].
They have studied the dynamics of isotropization in the limit of small anisotropy.
In the present paper we use this ansatz for describing the global properties of
the dynamics. We use the techniques of dynamical systems and the expansion
normalized variables (for the description of this formalism see [12]) to find the
past and the future attractors of our system. The transient behavior is also cov-
ered by studying the future asymptotic states for a pure nonstandard (i.e. with
Sµν and without Tµν terms in (1)) brane dynamics. Of course, in this frame-
work we can not find regimes originated from an interplay between standard
(proportional to Tµν) and nonstandard (proportional to Sµν) source terms. Up
to now several interesting regimes of this type have been found (for example, an
analog of the Einstein static Universe [13] and a stable oscillationary regime [8]).
The paper is organized as follows: in Sec.2. we describe the dimensionless
variables and use them to write down the system of differential equations in
a convenient form. In Sec.3 we list stable points of this system neglecting the
square energy-momentum correction and describe the future asymptotic states
of the Bianchi I brane model. In Sec.4 the stable points of the system without
linear energy-momentum contribution are listed and possible transient behavior
is obtained. We also discuss the past asymptotic states of our model. Sec.5
provides a brief summary of the results obtained.
2 Expansion normalized variables and equation
of motion
We will use an orthonormal frame of vector fields ea such that e0 = ∂t. In the
Bianchi I case we have the following commutation relations for the vector basis
(Latin indices run from 0 to 3 and Greek indices from 1 to 3):
[ea, eb] = C
c
abec
where
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Cµ0ν = −Θµν − ǫµναΩα, Cγαβ = 0.
Here Ωα is the angular velocity of the spatial triad with respect to a Fermi-
propagated frame and Θµν can be decomposed into a volume expansion rate Θ
and a shear σµν :
Θµν =
1
3
Θδµν + σµν .
If we introduce the metric for the Bianchi I model in the standard form
ds2 = −dt2 + a2i (t)(dxi)2, (2)
then the volume expansion rate in terms of the main scale factor a = (a1a2a3)
1/3
is Θ = 3H = 3 a˙a , where H is the main Hubble parameter.
For these variables we can write the Raychaudhuri equation
Θ˙ +
1
3
Θ2 + σµνσµν +
1
2
κ2(ρ+ 3p) = −1
2
κ2(2ρ+ 3p)
ρ
λ
− 6U
κ2λ
, (3)
the Gauss-Codazzi equations
σ˙µν +Θσµν =
6
κ2λ
Pµν , (4)
−2
3
Θ2 + σµνσµν + 2κ
2ρ = −κ2 ρ
2
λ
− 12U
κ2λ
(5)
and the conservation equations
ρ˙+Θ(ρ+ p) = 0, (6)
U˙ + 4
3
ΘU + σµνPµν = 0, (7)
DνPµν = 0. (8)
Derivation of these equations from Eq.(1) and the explicit form of Sµν see in [5].
Here λ is the brane tension. Quadratic energy-momentum corrections (first
terms in RHS of Eqs. (3) and (5)) become significant if a matter density ρ on
the brane is greater than λ. The current experimental limit on the brane tension
is λ > 100(GeV )4 [14].
Due to presence of the nonlocal stress Pµν this system of equations is not
closed. Therefore, it is necessary to specify the form of Pµν using some addi-
tional suggestion. In the present paper we deal with the proposal of Barrow and
Maartens [11]. They have suggested that the nonlocal stress is proportional to
the nonlocal energy density
Pµν = 2DµνU , (9)
Dµν = diag{c1, c2,−(c1 + c2)},
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where c1, c2 are some constant.
It is worth to notice that choosing the appropriate coordinate system we can
diagonalize either Pµν or σµν . We choose to make Pµν diagonal.
Nevertheless, our system of equations is not completely determined yet. We
must fix the angular velocity Ωα of the spatial triad associated with Pµν . After
that we can write the derivatives of the shear tensor as
σ˙µν = ∂tσµν + 2σ
δ
(µǫν)γδΩ
γ .
In the GR description of cosmological anisotropic sources (for example, the
homogeneous magnetic field [15]) the angular velocity components are con-
strained by the corresponding equations of motion of the anisotropic fluid (for
example, the Maxwell equations in the magnetic field case). As we have no
equation for Pµν , we should choose an ansatz for Ωα. In the present paper we
consider the simplest possible form Ωα = 0 (in the end of the next section one
important statement not depending on Ωα is proved).
After introduction of the deceleration parameter
q =
a¨a
a˙2
(10)
and dimensionless variables
Σ+ =
3
2
(σ22 + σ33)/Θ,
Σ− =
1
2
√
3(σ22 − σ33)/Θ,
Σ12 =
√
3σ12/Θ, (11)
Σ23 =
√
3σ23/Θ,
Σ13 =
√
3σ13/Θ,
U =
18U
κ2λΘ2
,
we may rewrite our system in a simpler form.
We have also auxiliary evolution equation for the matter density. There
are two ways for description of the quadratic energy-momentum terms. It is
possible either to incorporate them into a single evolution equation for the
matter as it have been done in [10] or to consider separately as some kind
of a particular effective matter [7, 8]. We choose the latter case and write two
evolution equations - one for ”standard” matter and the other for ”nonstandard”
matter. In order to do this we introduce dimensionless variables
Ωλ =
3κ2ρ2
2λΘ2
,
Ωµ =
3κ2ρ
Θ2
.
(12)
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Note that these values are not independent, they connected to each other by
Ωλ/Ωµ = ρ/2λ.
Finally, we introduce a new time variable τ such that dtdτ =
3
Θ . Now our
system becomes (prime denotes a derivative with respect to τ)
U ′ = 2U [(q − 1)− 3Σ+(c1 + c2)−
√
3Σ−(c1 − c2)],
Σ′+ = 3U(c1 + c2) + Σ+(q − 2),
Σ′
−
=
√
3U(c1 − c2) + Σ−(q − 2), (13)
Σ′12 = (q − 2)Σ12,
Σ′13 = (q − 2)Σ13,
Σ′23 = (q − 2)Σ23
with the constraint
1 = Σ2 +Ωλ +Ωµ + U, (14)
the equation for q
q = 2Σ2 +
1
2
(3γ − 2)Ωµ + (3γ − 1)Ωλ + U, (15)
and the evolution equations for matter density
Ω′µ = [2(1 + q)− 3γ]Ωµ, (16)
Ω′λ = [2(1 + q)− 6γ]Ωλ. (17)
Here
Σ2 = Σ2+ +Σ
2
−
+Σ212 +Σ
2
23 +Σ
2
13. (18)
There is an important difference between GR and brane problems. In com-
mon GR formulation of the problem the energy density of an anisotropic matter
is positive, though the nonlocal energy density on the brane can be either posi-
tive or negative and, in principal, can change sign in the cosmological evolution.
However, ansatz (9), as we can see from the first equation of system (13) prevents
U from the change of the sign. The case of negative energy of an anisotropic
matter has not been investigated previously in the GR formulation due to its
peculiarity from the physical point of view, but in the brane scenario it becomes
important. The main feature which arises from U < 0 is that the flat Bianchi
I Universe can recollapse without reaching any future nonsingular asymptotic
regime. From the mathematical point of view the negativity of U makes our
phase space noncompact (the phase space, specially constracted to be compact
in the U < 0 case see in [8]). So, from this point we assume U > 0 leaving the
opposite case to a future work. Now our phase space becomes compact with
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Σ+,Σ−,Σ12,Σ13,Σ23 varying in the range [−1, 1] and Ωµ,Ωλ, U varying in the
range [0, 1].
In the next section we start to analyze the system (13) – (17) neglecting
the ”nonstandard” matter. All the future attractors for this system are also
the future attractors for the initial general problem, because for t→∞ we can
neglect a nonstandard matter on the brane in comparison with a standard one.
3 Equilibrium points and future evolution
Now we list equilibrium points for the system (13) – (17) in the case Ωλ = 0.
It is convenient to use the notations c+ = c1 + c2 and c− = c1 − c2. We also
have found the corresponding eigenvalues λi of the linearization of system (13)
about the equilibrium points and have used the condition λi < 0 to study the
stability of the equilibrium points in the future direction.
1. The isotropic Universe
U = Σ+ = Σ− = Σ12 = Σ13 = Σ23 = 0
q =
3
2
γ − 1 Ωµ = 1 0 6 γ 6 2
Stable for γ < 4/3 independently on c+, c−.
2. Equilibrium point
U =
(2− γ)(3γ − 4)
12c2+ + 4c
2
−
Σ+ =
c+(3γ − 4)
6c2+ + 2c
2
−
Σ− =
√
3c−(3γ − 4)
18c2+ + 6c
2
−
Ωµ = 1− 3γ − 4
18c2+ + 6c
2
−
Σ12 = Σ13 = Σ23 = 0
γ ∈ (4/3, 2)
Stable for γ < 4/3 + 6c2+ + 2c
2
−
.
3. Equilibrium point
U = 1− 9c2+ − 3c2− Σ+ = 3c+ Σ− =
√
3c−
Σ12 = Σ13 = Σ23 = 0
Ωµ = 0 3c
2
+ + c
2
−
< 1/3
Stable for γ > 4/3 + 6c2+ + 2c
2
−
.
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Figure 1: Stability zones of the equilibrium points for the case Ωλ = 0. Below
the plane the point 1 is stable, above the plane outside the compact region the
point 2 is stable, inside the compact region the point 3 is stable.
4. Equilibrium set (the Kasner Universe)
U = 0 Ωµ = 0 q = 2
Σ2+ +Σ
2
−
+Σ212 +Σ
2
13 +Σ
2
23 = 1
The results on stability of the equilibrium points are presented graphically
in Fig.1. The space (γ, c+, c−) is divided into several zones in which only one
stable future attractor exists.
We can see that the only stable point for γ < 4/3 is the isotropic one,
independently on c+ and c−. It is possible to strengthen this result and prove
that all the solutions with Ωµ > 0 and γ ≤ 4/3 tend to the isotropic solution
(Ωµ = 0 is an invariant subset of our phase space, as it can be seen from Eq.
(16)). We point out that a physically important boundary case γ = 4/3 is
included in the conditions of this statement. The key point is the equation
Ω′µ = [(6 − 3γ)Σ2 + (4− 3γ)U ]Ωµ (19)
which can be obtained from Eqs. (14) – (16). Note, that Eq.(19) follows only
from the Raychaudhuri and constraint equations and we do not use the evolution
equations for the shear. This means that the consideration presented below does
not depend on a particular choice of the angular velocity Ωα.
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First, consider the case γ < 4/3. Then there is a positive number α such
that
Ω′µ ≥ α[Σ2 + U ]Ωµ.
From this inequality it follows that the quantity Ωµ is strictly increasing if
Ωµ(τ0) > 0. Using this fact and the constraint Σ
2 +Ωµ +U = 1, one can easily
understand that the sum Σ2 +U, in turn, strictly decreases. As decreasing and
bounded below by zero, this sum has some limit β ≥ 0. Assume that β is not
equal to zero. Then, the quantity Ωµ goes to infinity: lnΩµ(τ) − lnΩµ(τ0) >
αβ(τ − τ0) which contradicts the inequality Ωµ(τ) ≤ 1. Thus, for any initial
conditions satisfying Ωµ(τ0) > 0 the solution tends to the point Σ+ = Σ− =
Σ12 = Σ13 = Σ23 = U = 0.
In the boundary case γ = 4/3 it is necessary to be more careful. For γ = 4/3
we have
Ω′µ = 2Σ
2Ωµ. (20)
So, Ωµ is monotone increasing and, then, tends to some limit value Ωlim. As-
sume that Ωlim < 1. Using the constraint (14) and the evolution equations for
U and Ωµ, we obtain the evolution equation for Σ
2:
∂
∂τ
Σ2 = 6(c1 + c2)UΣ+ + 2
√
3(c1 − c2)UΣ− + 2Σ2(Σ2 − 1).
In sequel, we shell use only the fact that the absolute value of the LHS of
this equation is bounded above: | ∂∂τΣ2(τ)| < C for all τ . Now assume that
Σ2 does not tend to zero. Then there is a sequence τn going to infinity such
that Σ2(τn) > c for some c > 0. But the boundedness of the shear square
derivative means that there is a positive b which does not depend on n such
that Σ2(τ) > c/2 for τ ∈ (τn − b, τn + b) and all n. In this case from equation
(20) it follows that the quantity Ωµ goes to infinity:
lnΩµ(τ)− lnΩµ(τ0) =
τ∫
τ0
2Σ2dt >
∑
n:τn<τ
2cb.
This fact contradicts the inequality Ωµ(τ) ≤ 1. Thus, Σ2 tends to zero. By
the constraint 1 = Σ2 + Ωµ + U, this means that the quantity U converges to
1−Ωlim > 0. But it is impossible because the point Σ2 = 0 and U = const > 0
is not an equilibrium point of our system for nonzero c1 and c2. Thus, Ωµ goes
to 1 and both U and Σ2 decrease to zero.
For the brane problem this means that if Pµν satisfies the ansatz (9) with
U > 0, then an arbitrary anisotropy of the whole 5-dimensional metric does not
destroy the future isotropic regime unless γ > 4/3.
It is interesting that in the case of γ = 4/3 without an anisotropic stress
we have a one-dimensional set of equilibria instead of the isotropic equilibrium
point. Points of this set have Σ2 = 0 and are marked by the constant ratio U/Ωµ.
A nonzero Pµν makes all these points except for U = 0,Ωµ = 1 unstable. As a
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result, in the presense of a nonlocal anisotropic stress the ”dark energy” U can be
washed out during the cosmological evolution even in the radiation-dominated
epoch.
We finish this section by one remark which is not directly connected with
the brane cosmology. As we consider the case of Ωλ = 0, the system of equa-
tions (13) – (16) with Barrow-Maartens ansatz for Pµν has the same form (with
appropriate rescaling of source terms) as the system describing the evolution
of the Universe in the presence of an anisotropic matter in the ordinary Gen-
eral Relativity. Since our result on isotropisation does not depend on angular
velocity Ωα (these values should be determined separately for each particular
anisotropic source), we can claim that in the presence of an anisotropic matter
with an anisotropic stress πµν proportional to its energy density ǫ and an av-
erage pressure p¯ equals to ǫ/3 all the models isotropize if γ ≤ 4/3. Moreover,
we can consider an anisotropic matter with an average pressure p¯ = (γeff − 1)ǫ
and, using the same procedure, claim that all such models with γ ≤ γeff tend
to the isotropic attractor. This fact was previously discovered in the particular
case of the homogeneous magnetic field [15] and for the general source in the
limit of a small anisotropy [16] (the ”criticality condition” of Ref. [16] is exactly
γ = γeff in our notation).
4 A pure brane regime
In this section we neglecte the standard matter on a brane. This case describes
a purely nonstandard brane dynamics when the matter density on the brane is
large in comparison with the brane tension. The past asymptotic states of these
models correspond to a brane dynamics near a singularity, future asymptotic
states describe some intermediate regime of the brane Universe when a nonstan-
dard asymptotic behavior have already been established but the matter density
is still larger than the brane tension.
1′. The isotropic Universe
U = Σ+ = Σ− = Σ12 = Σ13 = Σ23 = 0
q = 3γ − 1 Ωλ = 1 0 6 γ 6 2
Stable in the future for γ < 2/3, stable in the past for γ > 1.
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2′. Equilibrium point
U =
(1− γ)(3γ − 2)
3c2+ + c
2
−
Σ+ =
c+(3γ − 2)
3c2+ + c
2
−
Σ− =
√
3c−(3γ − 2)
9c2+ + 3c
2
−
Ωλ = 1− 3γ − 2
9c2+ + 3c
2
−
Σ12 = Σ13 = Σ23 = 0
γ ∈ (2/3, 1)
Stable in the future for γ < 2/3 + 3c2+ + c
2
−
.
3′. Equilibrium point
U = 1− 9c2+ − 3c2− Σ+ = 3c+ Σ− =
√
3c−
Σ12 = Σ13 = Σ23 = 0
Ωλ = 0 3c
2
+ + c
2
−
< 1/3
Stable in the future for γ > 2/3 + 3c2+ + c
2
−
.
4′. Equilibrium set (the Kasner Universe)
U = 0 Ωλ = 0 q = 2
Σ2+ +Σ
2
−
+Σ212 +Σ
2
13 +Σ
2
23 = 1
Stable in the future for 3c2+ + c
2
−
> 1/3.
Zones of stability of these equilibrium points are plotted in Fig.2. For γ < 1
we can see a complete analogy with Fig.1 if γ is divided by 2. It is natural,
because the nonstandard matter behaves effectively as a ”normal” matter with
γNS = 2γ. Then, to receive expressions for equilibrium points and stability
zones of the system (13) – (17) with Ωµ = 0 it is enough to take the correspond-
ing expressions for Ωλ = 0 and replace γ by 2γ. In particular, the isotropic
attractor is stable for γ < 2/3.
The part γ > 1 in Fig.2 is new (in Fig.1 this part would correspond to the
unphysical region γ > 2). In this part of the space (γ, c+, c−) the stability does
not depend on γ. As a remarkable feature we can note appearance of the Kasner
solution as a future attractor for 3c2++ c
2
−
> 1/3. For 3c2++ c
2
−
< 1/3 the point
3′ is stable.
As in the previous section, using the expression
Ω′λ = [(6− 6γ)Σ2 + 2(2− 3γ)U ]Ωλ (21)
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γ–1
–1/3
1/3
1
c+
–1
–1/3
1/3
1
c-
2/3
1
4/3
Figure 2: Stability zones of equilibrium points for the case Ωµ = 0. Below the
solid plane the point 1′ is stable, between solid and dashed planes outside the
compact region the point 2′ is stable, inside the compact region the point 3′ is
stable, above the dashed plane outside the compact region the point 4′ is stable.
11
we can conclude that all the models with 0 < Ωλ < 1 and γ ∈ (0, 2/3] isotropize.
Anisotropic brane attractors may naturally appear in the inflationary brane
scenario if the transition from nonstandard dynamics to standard one occurs
at some moment after the inflation. During the nonstandard brane phase the
condition for inflation is γ < 1/3 [6], after the end of the inflation the parameter
γ grows to 4/3 in typical models. In this case the brane Universe evolves con-
secutively from one stable regime to another one according to a corresponding
c+=const, c−=const line in Fig.2. When the pressure becomes positive (γ > 1),
the Universe finally reaches one of the two possible attractors depending on the
parameters c+, c− and stays in this regime until the matter density on the brane
drops below the brane tension and the transition to the standard regime occurs.
Near the initial singularity the nonstandard matter on the brane dominates
and we can put the standard matter density Ωµ = 0. As we now consider the
backward time direction, the condition for the stability of the equilibrium points
becomes λi > 0. The results are follows.
For the Kasner set two nonzero eigenvalues are λ1 = 6 − 6γ and λ2 =
1−6Σ+c+−2
√
3Σ−c−. Four other eigenvalues are equal to zero. This indicates
that we have a four-dimensional set of equilibria. The second nonzero eigenvalue
is positive on some subset of the Kasner set and this subset exists for arbitrary
(c+, c−). On the other hand, λ1 is positive only for γ < 1. So, the condition for
stability of the Kasner solution in the past is γ < 1 independently on (c+, c−).
In the opposite case γ > 1 (a matter with a positive pressure) a stable
solution in the past direction is the isotropic Universe. This result appears only
in the brane scenario. In the case of Pµν = 0 the isotropic character of a brane
cosmological singularity in the presence of matter with a positive pressure has
been found earlier by several authors [6, 7, 9].
5 Conclusions
We have investigated the Bianchi I cosmological dynamics on a brane in the
presence of a nonlocal anisotropic stress Pµν satisfying the Barrow-Maartens
ansatz (9) with U > 0. The dynamics appears to be more complicated in
comparison with the previously known case of Pµν = 0. However, we can
mention two important regimes not modified by the anisotropic stress of the
form studied in this paper:
• If 0 < γ ≤ 4/3 the anisotropic stress does not prevent the Bianchi I model
from isotropization. Using the existence of a monotonic function (19) we
can prove that all such models isotropize.
• The anisotropic stress does not alter the past asymptotic state which is
the isotropic Universe for γ > 1 and the Kasner solution for γ < 1.
We also describe the set of future asymptotic states in the case γ > 4/3
and possible transient brane dynamics which can exist before the linear energy-
momentum contribution in the effective Einstein equations becomes important.
12
An important problem for the future development is to consider the U < 0
case.
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